A predator-prey model with logistic growth in prey is modified by introducing an SIS parasite infection in the prey. We have studied the combined effect of environmental toxicant and disease on prey-predator system. It is assumed in this paper that the environmental toxicant affects both prey and predator population and the infected prey is assumed to be more vulnerable to the toxicant and predation compared to the sound prey individuals. Thresholds are identified which determine when system persists and disease remains endemic.
Introduction
In modern era, the most threatening problem to society is the change in the environment caused by pollution, affecting the long term survival of species, human life style and bio diversity of the habitat. A great quantity of the toxicant and contaminants enter into the ecosystem one after another which seriously threaten the survival of the exposed population including human. In order to use and regulate toxic substance wisely, we must asses the risk of the populations exposed to toxicant. The problem of estimating qualitatively the effect of a toxicant on a population by mathematical models is a relatively new field that began only in the early 1980s. For a general class of single population models with toxicant stress, Ma et al. [1] obtained a survival threshold distinguishing between persistence in the mean end extinction of a single population under the hypothesis that the capacity of the environment is large relative to the population biomass, and that the exogenous input of toxicant into the environment is bounded. In 1987, Ma and Hallam [2] studied two dimensional nonautonomous Lotka-Volterra model by the average method and obtained sufficient conditions for persistence and for extinction of the population. The threshold of the survival for a system of two species in a polluted environment was studied by Huaping and Ma [3] . Population toxicant coupling has been applied in several contexts including Lotka-Volterra and chemostat like environments, resulting in ordinary, integro-differential and stochastic models. All these studies rely on the hypothesis of a complete spatially homogeneous environment. Recently, a spatial structure has been carried out by Zhan Li et al. [4] when a diffusive-convective model is proposed to describe the dynamics of a population in a polluted 0307 environment and the sufficient criteria on persistence and extinction of the population are derived. Another serious problem for society is the spread of infectious disease. But it can also be a factor in regulating human and animal population sizes. For example, the black death in Europe in 14th century killed up to one fourth of the human population. European disease such as small pox brought by cortex and entered to Mexico decimated the native population over there in the 16th century. In complex ecosystem predator-prey relationship can also be important in regulating the numbers of prey and predators. For example, when a boundary was placed on natural predators such as wolves and coyotes in the Kaibab plateau in Arizona, the deer increased beyond the food supply, and then over half deer died of starvation in 1923-1925, [5] . However, predator control does not always cause the prey population increase. Sih et al. [6] found that predator removal decreased the prey population in 54 of the 135 system examined. The review of the Holmes and Bethel [7] contains many examples in which the parasite changes the external features or behavior of the prey, so that infected prey are more vulnerable to predation. Infected prey may live in location that are more accessible to predators; for example, fish or aquatic snails may live close to the water surface or snails may live on the top of the vegetation rather than under protective plant cover. Similarly, infected prey may be weaker or less active, so that they are caught more easily [8, 9] . As species do not exists alone in nature, it is of more biological significance to study the persistence-extinction threshold of each population in system of two or more interacting species. In SI disease model in which susceptible prey grow logistically and predators eat only infected prey individuals, Chattopadhyay and Arino [10] found persistence and extinction conditions for the population and also determined conditions for Hopf bifurcation to periodic solutions. Here, we investigate the epidemiological, ecotoxicological and demographic effects in a predator-prey system in which the infected prey are more vulnerable to predation and toxicant. The application of the model can be seen in the context of a study made by [11] . In their study they have shown that juvenile salmon Oncorhynchus spp. and their prey bioaccumulate chlorinated hydrocarbons and aromatic hydrocarbons-important class of toxic xenobiotics. Furthermore, they have shown the exposure to these pollutants can lead to immunosuppression and increased disease susceptibility in juvenile salmon. Recent studies of natural fish populations have demonstrated that infectious disease-induced mortality can significantly reduce the size of the host population. By creating adverse environments e.g. pollutant which alter the susceptibility of the host to pathogens that are integral and ubiquitous components of the habitat, pollution increases the probability of disease-related impacts on fish population.
Keeping in the view above discussion, in this paper, we have proposed a predator-prey system with combined effect of disease and toxicant. It is assumed that the epidemiological interaction is SIS type and both prey and predator populations are affected by environmental toxicity. In analysis, threshold criteria are developed which determined when the predator population persist and when the disease remains endemic in the prey population in polluted environment. Section 2, describes demographic predator-prey system, epidemiological single species model with SIS interaction and a predator-prey model with infected prey in fresh (pollution free) and polluted environment. Section 3, identifies the boundary equilibria, interior equilibria and their stability thresholds for the predator-prey system in polluted environment. Section 4, contains results on persistence of predator-prey model with infected prey in polluted environment. Finally, a brief discussion has also been included in Section 5.
The mathematical formulation
Let HðtÞ and PðtÞ be the sizes of prey population and predator population, respectively. We first consider, the predatorprey model of the form:
This is a modified Lotka-Volterra predator-prey model with density dependent logistic growth of the prey. The initial per capita growth rate in prey population is r and prey carrying capacity of the environment is K. The per capita death rate of the predator is c 1 . The predation rate is a and the feeding efficiency in turning predation into new predator is k, so the birth rate of the new predator is akHP.
Study of the infectious disease in natural animal population has been a subject of great interest among the ecologists. When the infection does not lead to immunity, so that infectives become susceptible again after recovery the disease is called SIS disease. When infectives have permanent immunity after recovery, the disease is called SIR disease. Bacterial infections tend to be SIS, while viral infections correspond to SIR disease. Animals are called susceptible if they can become infected, are called infectious if they are infected and can transmit the infection. Thus the total size of the prey population is H ¼ X þ Y, where X is the number of susceptible prey and Y is the number of infected prey. Then S ¼ X=H is the fraction of the prey that are susceptible and I ¼ Y=H is the fraction that are infectious. If b is the average number of the contacts of an animal per unit time then bX=H ¼ bS is the average number of contacts per unit time of one infectious animal. Since there are Y ¼ IH infectives then number of new cases per unit time in the X susceptible is equal to the standard incidence ðbX=HÞY ¼ bISH. The standard incidence is the preferred formulation for animal populations by many researchers [12] [13] [14] [15] . The movement out of the infectious class due to recovery is given by cY in the epidemic model. Moreover there is no disease-related deaths so we get the following SIS disease model [16] :
In the absence of the disease, the prey population satisfies the logistic differential equation with birth rate coefficient ðb À hrH=KÞ and death rate coefficient ðd þ ð1 À hÞrH=KÞ, where r ¼ b À d > 0 and 0 6 h 6 1. Now, using H ¼ X þ Y, I ¼ Y=H and S ¼ ð1 À IÞ, three differential Eqs. (3)- (5) can be reduced to the following two dimensional system:
This model is mathematically well posed and all solutions start or enter the positively invariant region D ¼ fðH; IÞj0 6 I 6 1; 0 6 H 6 Kg. Now, we combine the predator-prey model (1) and (2) and SIS model (3)- (5) with disease in prey population. It is assumed that infected prey are more vulnerable to predation by a factor q P 1. Then combined model is following system of autonomous differential equations: (8)- (11) of four differential equations can be reduced to the following three dimensional system of ordinary differential equations:
We can easily verify that the system of Eqs. 12,3,14 is mathematically well posed in the positive invariant region G ¼ fðH; I; PÞj0 6 H 6 K; 0 6 I 6 1; 0 6 Pg. And all the solutions with Hð0Þ > K approaches or enter the region G, so it is sufficient to consider solutions in G. Now, let CðtÞ is the concentration of toxicant in the environment at time t, and UðtÞ is the concentration of toxicant in the organism at time t. We assume that individuals in both the species have the identical organismal toxicant concentration at time t [3] . Then the system (8)- (11) under the effect of toxicant can be given by the following system of ordinary differential equations:
The first two terms on the right hand side in Eq. (20) denote the organismal net uptake of toxicant from the environment and the food chain, respectively; and the second term represents the organismal net loss of toxicant due to metabolic processing and other causes (11) . The parameters a 1 , d 1 , g, /, l 1 and l 2 are positive constants. a 1 denotes the environmental toxicant uptake rate per unit mass organism, d 1 , the uptake rate of the toxicant in food per unit mass of organism, g, the concentration of the toxicant in the resource, /, the average rate of food intake per unit mass organism, l 1 and l 2 are organismal net ingestion and depuration rates of toxicant, respectively. The positive constant, h, in (19) represents cumulative loss rate of toxicant from the environment due to the processes such as biological transformation, chemical hydrolysis, volatilization, microbial degradation and photosynthesis degradation and also uptake process. The exogenous rate of toxicant input into the environment is represented by Q. We have assumed that the infected prey are more vulnerable to predation and to the adversity of the toxicant as well by the factors q 1 P 1, q 2 P 1, respectively. Positive parameters r 1 and r 2 denote the rates at which prey and predator populations losses their biomass, respectively due to toxicant. Using H ¼ X þ Y, I ¼ Y=H and S ¼ ð1 À IÞ the system (15)- (20) consisting of six differential equations can be reduced to the following system of ordinary differential equations:
where System (21)-(25) can be shown to be mathematically well posed in the positive invariant region:
R ¼ ðH; I; P; C; UÞj0 6 H 6 Kh 1 ; 0 6 I 6 1;
where
Boundary equilibria and their local stability
In this section we will discuss local stability behavior of all the feasible boundary equilibrium points and the interior equilibrium point of the mathematical model (21)-(25) that we have discussed in previous section. System has up to five equilibrium points on the boundary or region R, the first two equilibria of them are E 0 ¼ ð0; 0; 0; C Ã ; U Ã Þ and
Note that paths in R on the H axis with Hð0Þ > 0 go to the equilibrium point E 1 , since in absence of predator-prey population will approach to its maximum sustainable limit in polluted environment, i.e. Kh 1 . It has been observed that in polluted environment carrying capacity (i.e. K) of the prey population reduces to some lower level (i.e. Kh 1 with 0 < h 1 < 1).If the flow of the system starts from P axis in the region R then it will approach to E 0 . When R 5 > 1, and R 6 > 1 then there is an equilibrium point E 3 ¼ 0;
Now, paths in R on P axis go to the equilibrium point E 0 when R 5 6 1 and go to equilibria E 3 if R 5 > 1. Now, we will consider the local stability of each boundary equilibrium point. The jacobian corresponding to the system (21)-(25) is given as 
At the equilibrium point E 0 jacobian is repulsive in H direction and is attractive in P
Þ, respectively, so it is always attracting in these directions, but, in H direction it is repulsive. Thus the existence of the equilibria E 3 is biologically irrelevant. At the equilibria E 1 eigenvalues in H, I, P, C, and U directions are
Þ , Àh and Àðl 1 þ l 2 Þ, respectively. So that E 1 is attracting in H, C, and U directions always, is attracting in I direction when R 2 < 1 and is repulsive if R 2 > 1, is attracting in P direction when
Þ > 1. Now, it is clear that E 2 exists in R and is attracting in I ¼ 0 space of R when kaKh 1 
ðc þ b À ðrhh 1 =KÞÞ so that it is attracting in the I direction if R 3 < 1 and is repulsive if R 3 > 1, where
Note that R 3 < R 2 < R 0 where R 0 ¼ b cþbÀrh . Now, again it is clear that when R 2 > 1 then the equilibrium E 4 exists in R, and is attracting in P ¼ 0 space of R. The eigenvalue in P direction is
Þ . E 4 is attracting in the P direction if n < 0 and is repulsive if n > 0, where
Note that the first factor is non negative as R 2 > 1 and the second factor is positive when
Þ < 1 and may be repulsive or attractive (depending upon sign of n) when if
Remark 1. In the presence of toxicant stability thresholds come down at a very lower level. Moreover, the carrying capacity of the prey population decreases by a fraction h 1 due to toxicant and by h 2 due to both toxicant and disease.
The above analysis of the system (21)-(25) can be summarized as follows in six possible cases. First three cases considered with kaKh 1 = c 1 þ r 2 U Ã ð Þ6 1 and next three cases are discussed with
Case 1: If R 2 < R 6 < 1 so that R has no equilibrium E 2 , E 3 , E 4 then all the paths starting in the interior of R go to E 1 . Since the predator become extinct, we have the usual result that the prey goes to its carrying capacity in polluted environment (i.e. Kh 1 a h 1 fraction of carrying capacity K when there is no pollution) and the disease in prey dies out since R 2 < 1. Case 2: If R 2 > 1, so that R has a boundary equilibrium point E 4 corresponding to the endemicity of the disease. Here n < 0, so that E 4 is attractive in the P direction, and all the paths starting in the interior of R go to E 4 . In this case predator species become extinct, the prey population go to carrying capacity Kh 2 , and disease remains endemic in the prey population since R 2 > 1. Case 3: If R 2 > 1, so that R has a boundary equilibrium E 4 . Now if n > 0, then E 4 is repulsive in the P direction, which implies that no interior path can go to the boundary equilibrium. In this case an interior equilibrium point will exists. Case 4: If R 3 < R 2 < 1 so that E 2 is attracting in I direction and the equilibrium E 4 is not in R. Thus, all the paths starting in the interior of R go to E 2 . In this case disease dies out since R 2 < 1, and the prey and predator both will persist. Case 5: If R 3 6 1 < R 2 < R 4 , so that E 2 is attracting in the I direction; Here, E 4 is a boundary equilibria in R, and it is repulsive in P direction since n > 0. Case 6: If 1 < R 3 < R 2 < R 4 , so that E 2 is repulsive in I direction. E 4 is the boundary equilibrium point in R, and it is repulsive in P direction since n > 0. In this case no interior path can go to the boundary equilibrium. Thus, also in this case an interior equilibrium point in R exists.
Now, we will show the existence of the interior equilibrium point for the system (21)-(25). The non trivial positive equilibrium point can be found by the following system of equations:
Thus, on solving the above set of equations we get:
and ðP Ã ; I Ã Þ is the intersection point of the following isoclines in the positive phase space:
from the above isoclines we obtain:
There will exists a root I 11 of Fð0;
There will exists a root P 11 of FðP;
There will exists a root I 22 of Gð0; IÞ ¼ 0 if
There will exists a root P 22 of GðP; 0Þ ¼ 0 if R 0 3 > 1. It has been noted that R 0 3 > 1 if R 3 > 1, which implies case (6) . Both the conditions that we have stated in 1(a), 1(b) and 2(a), 2(b) are the conditions for the existence of interior equilibrium point and are as similar as we have stated in case (6). Thus, there will exists a interior equilibrium point of the system if isoclines FðP; IÞ and GðP; IÞ intersects each other in first orthant of R 5 þ . Isoclines FðP; IÞ and GðP; IÞ intersects to each other in positive phase space if either of the following cases holds true:
1. I 11 > I 22 and P 11 < P 22 . 2. I 11 < I 22 and P 11 > P 22 .
This intersection point of above isoclines is unique when dP=dI < 0 (see Fig. 1a ). Now, consider the following system: Lemma 3.1 (see [17] ). Let e be a locally asymptotically stable equilibrium of (27) and x be the x-limit set of a forward bounded solution xðtÞ of (26). If x contains a point y 0 such that the solutions of (27), with yð0Þ ¼ y 0 converges to e as t ! 1, then x ¼ feg i.e. xðtÞ ! e as t ! 1.
Corollary. If the solutions of the system (26) are bounded and the equilibrium e of the limit system (27) is globally asymptotically stable then any solution xðtÞ of the system (26) satisfies xðtÞ ! e as t ! 1.
Since we know from Eqs. Thus, on applying above corollary in system (21)- (25) we get the following equivalent asymptotic autonomous system (see [18] 
Also, by the above corollary the bounded solutions of the system (21)-(25) must approach to the global stable equilibrium of the limiting system (28)-(30). Now, we will discuss the proof of some cases of six cases that we have discussed above.
Proof of case 1 and case 4. Considering the second equation in system (21)-(25):
or we can write it as In case of limiting system (28)-(30), we arrive at following expression
which implies that _ I < 0 unless I ¼ 0 thus IðtÞ ! 0 as t ! 1. Then it clear that limiting system (28)- (30) is the simple preypredator system under polluted environment as t ! 1. Thus the solutions of the system (21)-(25) approaches to the asymptotically stable equilibrium point of the prey-predator system under the polluted environment. So that all the solutions ðH; I; P; C; UÞ go to E 1 if kaKh 1 = c 1 þ r 2 U Hence, if t is large enough then equation of P in system satisfies
where g is small enough so that n < 0 implies that
in case of limiting system (28)-(30). Thus, _ P < 0 unless P ¼ 0; so that P ! 0 as t ! 1 thus the solutions of the system go to E 4 as t ! 1.
In next section we will discuss the persistence and endemicity results of the system.
Persistence and endemicity
Here, we will prove some important results on the persistence of the system and endemicity of the disease in the system. Here, it is clear that the asymptotic behavior of the system (21)-(25) is equivalent to the asymptotic behavior of the system (28)-(30), so that if the system (28)-(30) is persistent then so is system (21)-(25). Before proving the persistent result for the system, we will prove that E 2 and E 4 are globally asymptotically stable. 
Thus, DðH; PÞ < 0 for all P > 0. Hence, by Bendixon-Dulac criteria, there will be no periodic orbit in the first quadrant. This completes the proof. h Y ¼ ðH; I; P; C; UÞj0 6 H; 0 6 I 6 1; 0 6 P; 0 6 C 6 C Ã ; 0 6 U 6 U Ã f g ; Y 0 ¼ fðH; I; P; C; UÞjI > 0; 0 6 C < C Ã ; 0 6 U < U Ã g;
It is sufficient to show that system is uniformly persistent with respect to ðY 0 ; @Y 0 Þ. We have already proved in Theorem 4.1 that system (21)-(25) is point dissipative. Set L @ ¼ fðHð0Þ; Ið0Þ; Pð0Þ; Cð0Þ; Uð0ÞÞ : ðH; I; P; C; UÞ satisfies system and ðH; I; P; C; UÞ 2 @Y 0 ; for all t P 0g, then it is easy to see that L @ ¼ fE 0 ; E 2 g. Now, we consider limiting autonomous system (28)-(30) and take 3 > 0and 4 > 0 small enough such that 
log PðtÞ Pð0Þ
for a continuous function f ðtÞ with t 2 ½0; 1Þ, we define
(32) and (33) can be written as
we now claim that lim sup t!1 IðtÞ > 0. Suppose that lim sup t!1 IðtÞ ¼ 0 then for any n 1 > 0 there is T 1 > 0 such that IðtÞ 6 n 1 for all t P T 1 . Similarly we can say that lim inf PðtÞ > > 0 where is a constant. As a consequence of these facts,by taking n 1 small enough and let t be sufficiently large then we obtain from (34) and (35) that
Then by the second equation in case of limiting autonomous system (28)-(30)
By restricting n 1 small enough, it follows from (31) that IðtÞ ! 1 as t ! 1, which is a contradiction to the boundedness of IðtÞ. This proves the claim and we conclude that the disease is uniformly persistent. In the next section, we have given a numerical example in support of our model. h
Numerical example
Let us we consider following set of parameters with initial condition Hð0Þ ¼ 8, Ið0Þ ¼ 0:1, Pð0Þ ¼ 1. For this set of parameter, we get the following interior equilibrium point when only the effect of infection is considered (Fig. 1a) E Ã ¼ ð1:3754; 0:3317; 0:7925Þ:
But, when the effect of both infection and toxicant is considered then the interior equilibrium point is (Fig. 1b) E Ã ¼ ð0:6771; 0:008; 0:0020Þ:
Remark 2. It is observed from the equilibrium points that when the effect of both infection and toxicant is considered simultaneously then the percentage decrease in the susceptible prey is 51 whereas the percentage decrease in the infected prey is 97 which is in agreement with the fact that the infected individuals are more vulnerable to toxicant as compared to the non-infected individuals [11] .
Discussion
Here, we have investigated the combined effect of disease and toxicant on prey-predator system. It has been observed that due to the effect of toxicant the carrying capacity of environment for the prey population reduces by a fraction ð0 < h 1 < 1Þ when there is no infection and by a fraction ð0 < h 2 < h 1 < 1Þ when the prey population is infected and also affected by toxicant. It has also been observed that due to the effect of toxicant the basic reproduction number R 0 changes and come down to a lower level R 2 < R 0 . In the analysis, we have discussed the persistence and endemicity results. We have observed that when the feeding efficiency of the predator is large enough then predator population persists. Further, if threshold quantity R 3 > 1 then the infected prey population is long term persistent. We have also observed that the infected population being more vulnerable to toxicant decreases to a more lower level as compared to the susceptible prey which is in agrement to the result of our example [11] . 
